Abstract. Motivated in part by Propp's intruded Aztec diamond regions, we consider hexagonal regions out of which two horizontal chains of triangular holes (called ferns) are removed, so that the chains are at the same height, and are attached to the boundary. By contrast with the intruded Aztec diamonds (whose number of domino tilings contain some large prime factors in their factorization), the number of lozenge tilings of our doubly-intruded hexagons turns out to be given by simple product formulas in which all factors are linear in the parameters. We present in fact q-versions of these formulas, which enumerate the corresponding plane-partitions-like structures by their volume. We also pose some natural statistical mechanics questions suggested by our set-up, which should be possible to tackle using our formulas.
Introduction
A large part of the intensity with which tilings of lattice regions have been studied in the last few decades has its origin in Macmahon's century-old theorem [18] on the enumeration of plane partitions that fit in a given rectangular box (see [1] [21] [14] [23] [12] and the survey [2] for more recent developments). In an equivalent formulation (see [10] ), this states that the number of lozenge tilings of a semi-regular hexagon 1 of side-lengths a, b, c, a, b, c (in cyclic order) on the triangular lattice is given by the compelling formula The elegance of this formula invites one to search for extensions of it, and this led to our previous work [5] , in which we considered triangular gaps along the vertical symmetry axis of the hexagon (this in turn led to the connections to electrostatics worked out in [4] and [6] ), and more recently to [7] and [8] , in which we removed from the center of the hexagon four-lobed or multi-lobed structures called shamrocks and ferns, respectively. The number of lozenge tilings of each of these regions was seen to be given by a simple product formula. Especially, in [16] and [17] , we provided two q-enumerations for lozenge tilings of hexagons in which three two-lobed structures, called bowties, and shamrocks are respectively removed from the boundary of the hexagons.
In this paper we consider lattice hexagons in which "intrusions" (reminiscent of Propp's intruded Aztec diamonds described in [20] ) are made by two ferns lined up along a common horizontal lattice line. Again, the resulting regions turn out to have their lozenge tilings enumerated by simple product formulas (this does not seem to be the case for the intruded Aztec diamonds, whose number of domino tilings contain some large prime factors in their factorization). We now describe in detail our regions and state the formulas. It will help the exposition to first consider the unweighted case. 
Statement of unweighted tiling enumeration results
Let s(b 1 , b 2 , . . . , b l ) denote the number of lozenge tilings of the semihexagonal region S(b 1 , b 2 , . . . , b l ) with the leftmost b 1 up-pointing unit triangles on its base removed, the next segment of length b 2 intact, the following b 3 removed, and so on (see an illustration in Figure2.1; note that the b i 's determine the lengths of all four sides of the semihexagon). By the Cohn-Larsen-Propp [9] interpretation of the Gelfand-Tsetlin result [11] we have that We recall from [8] that a fern is a sequence of contiguous equilateral triangles of alternating orientations on the triangular lattice. In [8] the first author showed that the region obtained from a lattice hexagon by removing an arbitrary fern from its center has tilings enumerated by a simple product formula. The present paper considers lattice hexagons with two ferns removed, lined up along a common horizontal lattice line and touching the boundary of the hexagon. We present simple product formulas for the number of their lozenge tilings, thus obtaining a new generalization of MacMahon's formula (1.1).
There are two cases to distinguish, depending on the height of the common axis of the removed ferns (see Figure 2. 2). Both depend on non-negative integer parameters x, y, z and t, which determine the side-lengths of the hexagon from which the ferns are removed and the location of the horizontal from along which they are removed, and on two (possibly empty) lists a 1 , . . . , a m and b 1 , . . . , b n of non-negative integers specifying the sizes of the lobes of the two ferns. 2 The first equality in (2.1) holds due to forced lozenges in the tilings of S(b1, b2, . . . , b 2l ), after whose removal one is left precisely with the region S(b1, b2, . . . , b 2l−1 ). 3 We include here the original formula for convenience. Let Tm,n(x1, . . . , xn) be the region obtained from the trapezoid of side lengths m, n, m + n, n (clockwise from top) by removing the up-pointing unit triangles from along its bottom that are in positions x1, x2, . . . , xn as counted from left to right. Then M(Tm,n(x1, . . . , xn)) = 1≤i<j≤n xj − xi j − i . If the horizontal along which the ferns are lined up leaves the western and eastern vertices of the hexagon on the same side of it 4 , we obtain the P -regions, defined as follows. Set From the hexagon of side-lengths 5 x + y + o a + o b , z + e a + e b , y + t + o a + o b , x + y + e a + e b , z + o a + o b , y + t + e a + e b , remove a fern of lobe-sizes (from left to right) a 1 , . . . , a m and a fern of lobe-sizes (from right to left) b 1 , . . . , b n as indicated in Figure 2 .2(a). The resulting region is defined to be our P -region P x,y,z,t (a 1 , . . . , a m ; b 1 , . . . , b n ).
The second family of regions, which we call Q-regions, corresponds to the case when the horizontal through the ferns leaves the western and eastern vertices of the hexagon on opposite sides. Without loss of generality, we may assume that the western vertex is below and the eastern above this horizontal. Start with the hexagon of side-lengths x + y + t + o a + e b , z + e a + o b , y + o a + e b , x + y + t + e a + o b , z + o a + e b , y + e a + o b , and remove from it the same two ferns as before, but positioned as indicated in Figure 2 .2(b). We denote the resulting region Q x,y,z,t (a 1 , . . . , a m ; b 1 , . . . , b n ).
Our results are stated in terms of the Φ and Ψ functions defined as follows. For non-negative integers x, y, z, t and a 1 , . . . , a m , b 1 , . . . , b n , define Φ x,y,z,t (a 1 , . . . , a m ; b 1 , . . . , b n ) by (2.6) and Φ x,y,z,t (a 1 , . . . , a 2l−1 ;
The counterpart functions Ψ x,y,z,t (a 1 , . . . , a m ; b 1 , . . . , b n ) are defined by (2.7) and Ψ x,y,z,t (a 1 , . . . , a 2l−1 ; 
The main result of this paper concerning unweighted tiling enumeration (which then led, via its three dimensional interpretation presented in the next section, to the q-generalization we give in Section 4) is the following. Throughout the paper, M(R) denotes the number of lozenge tilings of region R. Theorem 2.1. Let x, y, z, t, a 1 , . . . , a m and b 1 , . . . , b n be non-negative integers. Then
Remark 2.2. (Geometrical interpretation) It turns out that we can re-write the Φ-and Ψ-functions in terms of MacMahon's product formula P (a, b, c) given by (1.1). Indeed, setting (2.12) and
The three hexagons corresponding to the P -functions on the right hand side of (2.12) are indicated in Figures 2.3 and 2.4. The picture on the left in Figure 2 .4 shows the P -region itself. The shaded hexagon in the picture on the right in Figure 2 .4 has side-lengths equal to the arguments of the P -function at the denominator on the right hand side of (2.12). The lengths of its top three sides are clear from the picture; the shaded hexagon is the semiregular hexagon determined by these three consecutive sides.
The hexagons corresponding to the two P -functions at the numerator on the right hand side of (2.12) are described in Figure 2 .3. The one on the left is the semiregular hexagon obtained from the shaded hexagon in Figure 2 .4 by "stretching" it y units as indicated in the figure. The one on the right is obtained by (1) enlarging the boundary of the P -region to the outer symmetric hexagon (shown in magenta), (2) considering the point inside the resulting contour that determines an equilateral triangle with its northwestern side, and (3) "trimming" the angle determined by the point considered in (2) and the western and southwestern corners of the enlarged contour (with the western corner at the apex) as indicated in the figure; the resulting three consecutive side-lengths determine the shaded semiregular hexagon on the right in Figure 2 .3.
3.
A unified formulation of the two parts of Theorem 2.1
We explain in this section how the lozenge tiling enumerations of our P -and Q-regions can be stated in a unified way. This will be a useful point to keep in mind later, when we present our proofs.
As we will see below, our P -and Q-regions can be viewed as sub-regions of vertically symmetric hexagons with a fern removed from the wetstern corner, and another fern removed from the eastern corner. Denote the lobe sizes in the former, from left to right, by a 0 , a 1 , . . . , a m (we will refer to this as an a-fern), and the lobe sizes in the latter, from right to left, by b 0 , b 1 , . . . , b n (we call this a b-fern). The left fern will always be positioned so that the lobe of size a 0 points downward, but we will allow the right fern to have the lobe of size b 0 point either down or up (this captures the full generality). Set (so that e.g. u b is the sum of the up-pointing lobe sizes in the b-fern).
Let y, z ≥ 0 be integers, and consider on the triangular lattice the vertically symmetric hexagon of side-lengths
y,z (a 0 , . . . , a m ; b 0 , . . . , b n ) to be the region obtained from this hexagon by removing an a-fern with down-pointing a 0 -lobe from its western corner, and a b-fern with down-pointing b 0 -lobe from its eastern corner. Define the region D One readily sees that, after removing the forced lozenges in D
y,z (a 0 , . . . , a m ; b 0 , . . . , b n ), the leftover region is our P -region P a 0 ,y,z,b 0 (a 1 , . . . , a m ; b 1 , . . . , b n ). Similarly, it is readily checked that the region obtained from D (2) y,z (a 0 , . . . , a m ; b 0 , . . . , b n ) by removing all the forced lozenges is our Q-region
Then Theorem 2.1 can be stated more elegantly as follows. 5) where S + and S − are the dented semihexagons determined by the sequences of dents occurring above and below the axis of the ferns in D The explicit statement of this result given in Theorem 2.1 will however be more convenient to work with when we present its proof.
Three dimensional interpretation
A plane partition is a rectangular array of non-negative integers with weakly decreasing rows (from left to right) and columns (from top to bottom).
Plane partitions with a rows, b columns, and entries at most c can conveniently be identified with their three dimensional diagrams -stacks of unit cubes with certain monotonicity requirements fitting in an a × b × c box (see Figure 4 .1(b)). Namely, the heights of the columns of such a stack are required to be weakly decreasing from northeast to southwest and from northwest to south east. We call such stacks monotone stacks. The latter are in turn in bijection with lozenge tilings of the semi-regular It is less obvious how to interpret lozenge tilings of our P -and Q-regions as monotone stacks fitting in certain solids, but a quite satisfying such interpretation can nevertheless be given. This is the object of this section.
Viewing our triangular lattice as the orthogonal projection of a cubic lattice, so that traveling in the polar directions 1, 2π/3 and −2π/3 in the triangular lattice corresponds to moving up in the cubic lattice (and hence traveling in the directions π/3, −1 and −π/3 in the triangular lattice corresponds to moving down in the cubic lattice), each tiling of a doubly-intruded hexagon is the projection of a stepped surface in the cubic lattice. For consistency, choose the stepped surfaces corresponding to the tilings so that say the top left corner of the hexagon lifts to a common vertex of the cubic lattice. Then one readily sees that among all the such obtained surfaces, there is a "highest" one, in the sense that all the others are (weakly) below it, and that there is also a lowest one. These two tilings are shown in Figure 4 .2 for a representative instance of a doubly intruded P -hexagon (there is a slight difference in the details according to the parities of the number of lobes of the two ferns; for brevity, we discuss only the case when both ferns have an even number of lobes, the other cases being perfectly analogous); the case of the Q-regions is similar.
The 3D surfaces corresponding to these two tilings are shown in Figure 4 .3 (in the figures, the portion of the boundary that projects to the ferns is shown with some "rounded" corners, in order to emphasize that these are really skew 3D contours, and that the pairs of rounded corners consist really of distinct points, even though they happen to project onto the same vertex of the triangular lattice). The 3D region inside which plane-partition-style stacks of unit cubes are in bijection with lozenge tilings of our doubly-intruded hexagon consists of the unit cubes of the cubic lattice that are contained in between these two surfaces (since the boundaries of the highest and lowest surfaces are the same, these two surfaces fit together perfectly).
In order to imagine this solid, we find the following description useful. Start with a "house" consisting of the union of two partially overlapping parallelepipeds, as indicated in the central portion of the picture on the left in The 3D region we want is a certain enlargement of this house, with what we can imagine to be (storage) "stairs" built on an extension of the slab (base) of the house (this slab extension is shown in red in the picture on the left in Figure 4 .4), and "cupboards" built under an extension of the flat roof of the house (this roof extension is shown in green in the same picture). The red rectangles in that picture are the footprints of the stairs; the green ones are the ceiling-prints of the cupboards. The sizes of these footprints and ceiling-prints can be read off from Figures 4.3, using the description of the red paths in the previous paragraph; the heights of the stairs and cupboards are read off from the same figures.
The picture on the right in Figure 4 .4 sketches a view of the obtained solid, by showing just the "frame" of the highest surface (in magenta) over the lowest surface. One can see how the red and green rectangles pair with magenta rectangular frames to form the stairs and cupboards, respectively.
Statement of weighted enumeration results
By Figure 4 .1, each lozenge tiling of a semiregular hexagon corresponds to a plane partition (which we consider identified with its three dimensional diagram), which naturally aquires a volume -the number of unit cubes in the corresponding monotone stack. MacMahon [18] also gave an elegant refinement of formula (1.1), which counts plane partitions according to their volume. This serves as our model for the weighted enumerations of the tilings of our P -and Q-regions which we present in this section.
We recall that the q-integer is defined as [n] q : [18] refined enumeration of plane partitions according to their volume is the following. 
where |λ| denotes the volume of the monotone stack λ, and where the sum is taken over all monotone stacks λ fitting in an a × b × c box.
Via the bijection depicted in Figure 4 .1, our weighted tiling enumeration results can be stated as refined countings of monotone stacks fitting in certain solids according to their volume.
We call the three dimensional solids constructed in Section 4 augmented boxes. Each augmented box is determined by the P -or Q-region it corresponds to. Our formulas can be regarded as new generalizations of Theorem 5.1 corresponding to counting monotone stacks that fit inside a given augmented box according to their volume. Figures 5.1(a) and (b) show illustrative examples of monotone stacks inside augmented boxes corresponding to a P -and a Q-region, respectively.
We define s q (b) to be the expression obtained from formula (2.1) for s(b) by replacing each hyperfactorial by its q-analog:
We define the q-analog Φ The main result of this paper is the following.
+ b3 
where the sum is taken over all monotone stacks that fit in the augmented box corresponding to the region P x,y,z,t (a 1 , . . . , a m ;
where the sum is taken over all monotone stacks that fit in the augmented box corresponding to the region Q x,y,z,t (a 1 , . . . , a m ; b 1 , . . . , b n ).
The q = 1 specialization of the above result recovers Theorem 2.1. However, we chose to state Theorem 2.1 first in order to show how that unweighted version, through its three dimensional interpretation described in Section 3, led us, in the spirit of MacMahon's q-generalization of the plane partition enumeration formula (1.1), to the q-version stated above.
Such "round" q-enumerations turn out to be fairly rare in the field of tiling enumeration. We refer the reader for instance to [22] , [16] and [17] for some other examples and for further discussion of q-enumerations of lozenge tilings.
The rest of the paper is organized as follows. In Section 6, we go over some preliminary results that we will employ in our proofs. The section after that is devoted to the q-enumeration of lozenge tilings of a hexagon with one fern removed. We will use the latter in our proof of Theorem 5.2 in Section 7. In Section 8 we present an open problem concerning a Schur function identity suggested by our results. Section 9 considers a statistical mechanical problem that can be tackled using our enumeration formulas.
Preliminaries
A forced lozenge in a region R on the triangular lattice is a lozenge contained in any tiling of R. Assume that we remove several forced lozenges l 1 , l 2 . . . , l n from the region R and get a new region
where wt(l i ) is the weight of the lozenge l i .
Lemma 6.1 (Region-splitting Lemma). Let R be a balanced region 6 on the triangular lattice. Assume that a sub-region Q of R satisfies the following two conditions:
(i) (Separating Condition) All unit triangles in Q that are adjacent to some unit triangle of R − Q have the same orientation.
Proof. Let G be the dual graph of R, and H the dual graph of Q. Then H satisfy the conditions in the Graph-splitting Lemma 3.6(a) in [15] , and the lemma follows.
Let G be a finite simple graph without loops. A perfect matching of G is a collection of disjoint edges covering all vertices of G. The (planar) dual graph of a region R on the triangular lattice is the graph whose vertices are the unit triangles in R, and whose edges connect precisely those pairs of unit triangles that share an edge. The tilings of a region can be identified with the perfect matchings of its dual graph. The number of perfect matchings of the graph G is denoted by M(G) (writing M(R) for the number of lozenge tilings of the region R is justified by the above mentioned identification between tilings and perfect matchings).
In our proofs we use Kuo's graphical condensation method [13] . We include below the forms of Kuo's results that we will need.
E) be a (weighted) bipartite planar graph in which
Assume that u, v, w, s are four vertices appearing in a cyclic order on a face of G so that u, w ∈ V 1 and v, s ∈ V 2 . Then
Theorem 6.3 (Theorem 5.2 [13] ). Let G = (V 1 , V 2 , E) be a (weighted) bipartite planar graph in which |V 1 | = |V 2 |. Assume that u, v, w, s are four vertices appearing in a cyclic order on a face of G so that u, v ∈ V 1 and w, s ∈ V 2 . Then
Theorem 6.4 (Theorem 5.3 [13] ). Let G = (V 1 , V 2 , E) be a (weighted) bipartite planar graph in which |V 1 | = |V 2 | + 1. Assume that u, v, w, s are four vertices appearing in a cyclic order on a face of G so that u, v, w ∈ V 1 and s ∈ V 2 . Then
There are three orientations of the lozenges on the triangular lattice: vertical, left-tilting, and righttilting (see Figure 6 .1). As each tiling of a semi-regular hexagon can be identified with a monotone stack, each monotone stack yields a weight assignment to the corresponding tiling as follows. Given a monotone stack, the top of each column in the stack corresponds to a right-tilting lozenge (see Figure 4 .1). We assign to each right-tilting lozenge the weight q h , where h is the height of the stack of unit cubes under it; assign weight 1 to all left-tilting and all vertical lozenges. Define the natural q-weight of the tiling to be the product of the weights of all its constituent lozenges; clearly, this is precisely q to the volume of the corresponding monotone stack. We call the described weight assignment the natural q-weight assignment, and we denote it by wt 0 . 6 A balanced region on the triangular lattice is a finite lattice region which contains the same number of unit triangles of each orientation. Since each lozenge covers one unit triangle of each orientation, this is a necessary condition for a region to admit lozenge tilings.
Vertical
Left Right a2 a2 Similarly, using the bijection described in Section 3 between lozenge tilings of our P -and Q-regions and monotone stacks that fit inside the corresponding augmented boxes, we obtain the natural qweight assignment for tilings of P -and Q-type regions. However, in contrast to the case of a simple box, it is not hard to see that for an augmented box this weight assignment to the right-tilting lozenges depends, in general, on the tiling containing it (so the same lozenge may carry different weights in different tilings). This prevents us from applying the method of Kuo condensation for proving our results. We surmount this obstacle by introducing the following two additional q-weight assignments that are independent of the choice of the tiling.
In the first of these additional q-weight assignments, denoted wt 1 , each right-tilting lozenge has weight q x , where x is the distance (measured in altitudes of unit triangles) from its top to the bottom of the hexagon; all other lozenges are weighted by 1 (see Figure 6 .2(a)). In the second one, denoted wt 2 , each left-titling lozenge whose top side is y units above the bottom edge of the hexagon is weighted by q y , and all other lozenges have weight 1 (see Figure 6.2(b) ). The weight of a tiling is defined as the product of the weights of its lozenges, as usual.
One readily sees that the above q-weight assignments can be applied to any bounded simplyconnected region on the triangular lattice, in particular to dented semihexagons and to our P -and Q-type regions. Denote the corresponding weighted tiling counts of a simply connected region R by
where T (R) denotes the set of all tilings of R. We call M 1 (R) and M 2 (R) tiling generating functions of R.
The following is a consequence of MacMahon's Theorem 5.1.
Lemma 6.5. For any non-negative integers a, b, c, we have
Proof. The first equality was proved in Corollary 3.2 in [16] ; it holds because if we think of the plane partition as consisting of a slices parallel to the sides of length b (see Figure 4 .1(a)), then each of the b right-tilting lozenges L in the ith slice from the front has weight q i+h , where h is the number of unit cubes under L, for i = 1, . . . , a. Reflecting the hexagon H a,b,c weighted by wt 2 over a vertical line, we get the hexagon H c,b,a weighted by wt 1 . Then the second equality follows from the first one.
The next lemma gives the q-enumerations of lozenge tilings of dented semihexagons.
Lemma 6.6. For any non-negative integers b 1 , b 2 , b 3 , . . . , b 2l we have
Proof. The first equation follows from the q-enumeration of column-strict plane partitions that fit in a given Young diagram and have bounded part size (see e.g. [22, pp. 374-375] ) and a bijection between tilings of a dented semihexagon and column-strict plane partitions (in a picture analogous to Figure 6 .2(a) for a dented hexagon, the corresponding column-strict plane partition is given by the numbers written in the right-tilting lozenges). The second equality follows from the first one by reflecting the region over a vertical line.
The next result gives the connection between the weighted enumerations (under wt 1 and wt 2 ) of the lozenge tilings of our regions and the q-enumeration of the corresponding monotone stacks according to volume. Both weighted tiling enumerations turn out to differ from the latter just by a power of q. However, the exponents of q are somewhat complicated expressions in x, y, z, t, the a i 's and the b i 's, and for convenient reference we define them below.
We adopt the following notation for 0 ≤ a < b: For any non-negative integers x, y, z, t and sequences of non-negative integers a = (a 1 , . . . , a m ) and b = (b 1 , . . . , b n ) define two functions as follows:
where ∆ = x + y + t + e a + e b . We note that
t,y,z,x (b; a). Similarly, we define two more functions:
There is a connection between the expressions in (6.14) and (6.15) which is similar to (6.13), but more complicated to state. Note that the sums in (6.14) and (6.15) can be rewritten as sums over the even-(or odd-) indexed a i 's (resp., b i 's), multiplied by symbols (6.10) as shown in (6.14) and (6.15) involving sums of the odd (or even-) a i 's (resp., b i 's) with indices that are strictly less than i. Defineẽ a := x + e a andẽ b := t + e a . Then the expression in (6.15) is obtained from the expression in (6.14) by swapping simultaneously (1) the a-and b-lists, (2) summation over odd-indexed a i 's and summation over even-indexed b i 's, and (3) summation over even-indexed a i 's and summation over odd-indexed b i 's.
We are now ready to state the result connecting wt 1 -and wt 2 -tiling enumeration with q-enumeration of monotone stacks by volume.
Lemma 6.7. Let x, y, z, t be non-negative integers, and a = {a i } n i=1 and b = {b j } m j=1 sequences of non-negative integers. Then we have
x,y,z,t (a;b)
x,y,z,t (a;b) π q |π| , and
where in each equation the sum on the right-hand side is taken over all monotone stacks of unit cubes π fitting in the augmented box corresponding to the region on the left hand side.
Proof. The proof of this lemma follows along the lines of the proofs of Proposition 3.1 in [16] and Proposition 2.4 in [17] . We present the proofs of (6.16) and (6.17); equations (6.18) and (6.19) can be proved in an analogous manner. Let T be any lozenge tiling of P := P x,y,z,t (a; b). We will show that (6.20)
where
x,y,z,t (a; b). Then (6.16) will follow by adding these equations over all lozenge tilings T of P .
Recall that the lozenge tilings of P can be viewed as monotonic stacks of unit cube fitting in an augmented box. The augmented box can be divided into cupboard-rooms, stair-rooms, and a house. There are ⌊
Let T be a lozenge tiling of P . Let π = π T be the corresponding monotone stack of unit cubes that fits in the augmented box corresponding to P . Partition π into the m + n + 3 sub-stacks π i fitting into the rooms B i . Each sub-stack π i gives (by projection) a lozenge tiling T i of the hexagon H x i ,y i ,z i (see Figure 6 .3(a) for an example).
The weight wt 1 on the lozenges of T yields, by restriction, a weight on the lozenges of T i . Under it, each right-lozenge is weighted by q t i +l , where l is the distance between the top of the lozenge and the bottom of the hexagon H x i ,y i ,z i ; all vertical and left-lozenges are weighted by 1. Encode the tiling T i as a family of x i non-intersecting paths of lozenges starting from the northwest side and ending at the southeast side of H x i ,y i ,z i (see Figure 6.3 (d) ). Dividing the weight of each right-lozenge on the j-th lozenge path (ordered from bottom to top) by q j+t i , for all i = 1, 2, . . . , m + n + 3 and j = 1, 2, . . . , x i , we get back the natural q-weight assignment wt 0 on the whole tiling T of P . It is easy to see that each of our x i lozenge paths contains exactly y i right-lozenges (indeed, each such path intersects each of the y i analogous non-intersecting paths of lozenges connecting the top and bottom sides of H x i ,y i ,z i in T i in precisely one -necessarily right-leaning -lozenge). Therefore,
A straightforward calculation shows that, once the values of the x i 's, y i 's and z i 's (which can be read from Figures 4.4 and 4. 3) are plugged in, the sum above becomes precisely the expression given in (6.11), thus proving (6.20). We now turn to the enumeration under our second weight. Let the tiling T be weighted by wt 2 . Consider again the monotone stack π = π T corresponding to T , but now split this stack into m + n + 3 sub-stacks π i using a slightly different partitioning of π into sub-stacks π i : Namely, use the same ⌈ m 2 ⌉ + ⌈ n 2 ⌉ stair-rooms and ⌊ m 2 ⌋ + ⌊ n 2 ⌋ cupboard-rooms as before, but split the house into three rooms by extending the inner horizontal surfaces as in Figure 6 .3(c). Each sub-stack π i yields a tilings T i as before.
Encode this time each such tiling T i as a z i -tuple of disjoint lozenge-paths starting from the northeast side and ending at the southwest side (see Figure 6 .3(e)). The weight assignment wt 2 yields, by restriction, a weight assignment on each T i . Dividing the weight of each left lozenge on the j-th lozenge path (ordered from bottom to top) by q j+t i (with precisely the same definition of t i as before), for all i = 1, 2, . . . , m + n + 3 and j = 1, 2, . . . , z i , we get a new weight assignment wt * on the whole tiling T of P . It is easy to see that wt * (T ) = q |π c | = q m+n+3 i=1
x i y i z i −|π| , where π c is the complement of the stack π in the augmented box B corresponding to P x,y,z,t (a; b). Thus, we get
This implies that (6.23) M 2 (P x,y,z,t (a|b))
However, we have 
Hexagon with one intrusion
This section is devoted to the q-enumerations of lozenge tilings of a hexagon with a single, boundarytouching fern removed from it. We will use this result in our proof of Theorem 5.2 in the next section.
Let x, y, z, t, a 1 , . . . , a n be non-negative integers, and set a = {a i } n i=1 . Consider a hexagon of sidelengths x+ y + o a , z + e a , t + o a , x+ y + e a , z + o a , t + e a (clockwise, starting with the northwestern side). At x units above the leftmost vertex of the hexagon, remove a fern of sides a 1 , a 2 , . . . , a n from left to right, so that the triangular lobes of side-length a 2i−1 are pointing up, and the lobes of side-length a 2i are pointing down, for all i ≥ 1 (Figure 7 .1 illustrates the case x = 3, y = 2, z = 3, t = 2, a 1 = a 2 = . . . = a 6 = 2). Denote the resulting region by R x,y,z,t (a). Theorem 7.1. Let x, y, z, t, a 1 , . . . , a n be non-negative integers, and set a = {a i } n i=1 . Then if y ≤ t, we have M 1 (R x,y,z,t (a)) = q A x,y,z,t−y (a;∅)−A t−y,y,z,x (∅;a) M 2 (R x,y,z,t (a)) = q A x,y,z,t−y (a;∅) Φ q x,y,z,t−y (a; ∅), (7.1) while if y ≥ t, we have
Proof. The first equalities in (7.1) and (7.2) follow directly from (6.16)-(6.19). It is therefore enough to consider the weight wt 1 , and show that if y ≤ t we have
x,y,z,t−y (a;∅) Φ q x,y,z,t−y (a; ∅)
x,y,z,t−y (a;∅) H q (y) H q (z) H q (a + x + y + z + t) H q (y + z) H q (a + x + y + t) (a 1 , . . . , a 2l−1 , a 2l + y + z)s q (x, a 1 , . . . , a 2l , y + z, t − y), (7.3) while if y ≥ t we have
x,t,z,y−t (a;∅) Ψ q x,t,z,y−t (a; ∅) (a 1 , . . . , a 2l−1 , a 2l + t + z, y − t)s q (x, a 1 , . . . , a 2l , t + z), (7.4) where s q is given by equation (5.2) .
If n = 0, we have no removed triangle, and the theorem follows from MacMahon's Theorem 5.1. Suppose therefore that n ≥ 1. We prove (7.3) and (7.4) by induction on y + z + t. Our base cases are the situations when at least one of y, z and t is equal to 0.
If y = 0 (so y ≤ t), the portion of R x,y,z,t (a) that is above the horizontal line containing the fern axis is readily seen to be balanced (i.e., to have the same number of up-and down-pointing unit triangles). Therefore, by the region-splitting Lemma 6.1, the weighted count of the tilings of R x,y,z,t (a) is equal to the product of the weighted counts of the resulting two semihexagons with dents illustrated in Figure 7 .2(a) (note that these have several forced left lozenges, each of which have weight 1).
There are two cases to distinguish. If n = 2l, then the upper subregion is the dented semihexagon S(a 1 , a 2 , . . . , a 2l−1 ), and the lower region is S(x, a 1 , a 2 , . . . , a 2l , z, t) reflected across its base (see Figure 7.2(a) ). However, these dented semihexagons are not weighted by wt 1 ; so we need to modify the weights of lozenges to bring back the weight assignment wt 1 . For the upper subregion, dividing the weight of each right lozenge by q x+t+ea one obtains the weight assignment wt 1 . For the lower dented semihexagon, divide the weight of each right lozenge by q x+t+ea+1 , reflect across its top side, and then reflect the resulting region across a vertical line to get the region S(t, z, a 2l , a 2l−1 , . . . , a 1 , x) weighted by wt 1 with q replaced by q −1 (the first reflection turns the right-leaning lozenge into a left-leaning one, but the second turns it back into a right-leaning one). Taking into account all such contributions to the exponent of q, we obtain
and where we use the subscripts q and q −1 in the semihexagons to emphasis their weight assignments. Express s q −1 (t, z, a 2l , a 2l−1 , . . . , a 1 , x) in terms of s q (t, z, a 2l , a 2l−1 , . . . , a 1 , x) by using the simple fact [n] q −1 = [n] q /q n−1 , and use Lemma 6.6 to obtain (7.3). For the remaining case when n = 2l − 1, the upper region is S (a 1 , a 2 , . . . , a 2l−1 ) and the lower region is S(x, a 1 , a 2 , . . . , a 2l−2 , a 2l−1 + z, t) reflected across the base (this is illustrated in Figure 7 .2(b)). Equation (7.3) follows then from Lemma 6.6 in the same fashion. If t = 0 (so y ≥ t), the region-splitting Lemma 6.1 allows us again to separate our region into two weighted dented semihexagons. The one on the bottom contains now some forced right lozenges, and we have to keep track of their weights, as they contribute non-trivial multiplicative factors to the weighted tiling count. If n = 2l, the upper region is S (a 1 , a 2 , . . . , a 2l + z, y), the lower one is S (x, a 1 , a 1 , . . . , a 2l ) reflected across the base (see Figure 7 .2(e) for an illustration), and the product of the weights of the forced lozenges is q z( ) . If n = 2l − 1, the upper part is S (a 1 , a 2 , . . . , a 2l−1 , z, y), the lower part is still a reflected version of S(x, a 1 , a 1 , . . . , a 2l−1 ), and the product of the weights of the forced lozenges is q
) (see Figure 7 .2(f)). Similarly to the case when y = 0, the weigthings on these dented semihexagons can be turned into wt 1 at the expense of a multiplicative factor equal to a power of q, and (7.4) follows from Lemma 6.6.
If z = 0, we can apply the region-splitting Lemma 6.1 one more time, obtaining two weighted dented semihexagons and several forced vertical lozenges (whose weights are all 1, as none of them is right-leaning). There are again two subcases, depending on the parity of n. If n = 2l, the the upper part is S (a 1 , a 2 , . . . , a 2l , y) and the lower part is a reflected version of S (x, a 1 , a 1 , . . . , a 2l−1 , a 2l + t) (see Figure 7 .2(c)). If n = 2l − 1, the upper part is S (a 1 , a 2 , . . . , a 2l−2 , a 2l−1 + y) and the lower part is a reflected S (x, a 1 , a 1 , . . . , a 2l−1 , t) (see Figure 7 .2(d)). As in the above two base cases, we can change the weights of the lozenges in these dented semihexagons to make them to be weighted by wt 1 , and then (7.3) and (7.4) follow again from Lemma 6.6.
For induction step, assume that y, z, t ≥ 1 and that the theorem holds for any region R x,y,z,t (a) in which the sum of the y-, z-and t-parameters is strictly less than y + z + t. We now apply Kuo's Theorem 6.2 to the dual graph G of R x,y,z,t (a) weighted by wt 1 (i.e. G is the graph whose vertices are unit triangles in R and whose edges connect precisely those pairs of unit triangles which form a lozenge, inheriting the weight of that lozenge).
Each vertex of G corresponds to a unit triangle of R. We pick the four vertices u, v, w, s as indicated in Figure 7.3(b) . Note that the lowest shaded unit triangle corresponds to u, and v, w, s correspond to the next shaded unit triangles as we move counter-clockwise from the lowest one.
First, we consider the region corresponding to the graph G − {u, v, w, s} (see Figure 7 .3(b)). The removal of the four vertices u, v, w, s yields several lozenges that are forced to be in any tilings of the leftover region. By removing these forced lozenges, whose weight product is q (as there is only one right-leaning forced lozenge), we get a weighted version of the region R x,y−1,z,t−1 (a) (see the region restricted by the bold contour in Figure 7 .3(c)). Upon dividing the weight of each right-leaning lozenge by q, this weight get becomes the weight assignment wt 1 . This contributes a multiplicative factor of q N x,y−1,z,t−1 (a), where N x,y,z,t (a) is the total number of right lozenges in a tiling of the region R x,y−1,z,t−1 (a) (which is the same for all tilings). A straightforward calculation gives
Therefore, we have
Similarly, by accounting for the weights of the forced lozenges in Figures 7.3 (c)-(f) and suitably normalizing the weight assignments if needed, we obtain
Substituting the above five expressions into the equation (6.3), we get
which yields the recurrence Clearly, all regions in the above recurrence, except for the first one, have the sum of their y-, z-, t-parameters strictly less than y + z + t. Thus by the induction hypothesis, the weighted tiling counts of these regions are given by the formulas (7.4) and (7.3) . This provides an explicit expression for
Figure 8.1. Base cases for P -type regions when y = 0.
M 1 R x,y,z,t (a) , and a straightforward calculation checks that this expression agrees with the formulas in the statement of the theorem.
Proof of Theorem 5.2
Proof of Theorem 5.2. By Lemma 6.7, we only need to show that
x,y,z,t (a;b) Φ q x,y,z,t (a; b) and
x,y,z,t (a;b) Ψ q x,y,z,t (a; b). The second weight wt 2 is needed in our proof of these equations, which is by induction on x + y + z + t + a + b + m + n, where a = a 1 + a 2 + · · · and b = b 1 + b 2 + · · · , and where m and n are the numbers of positive terms in the sequences a and b, respectively. The base cases are the situations when at least one of the parameters y, z, m and n is equal to 0.
We first verify that (8.1) hods in all these base cases.
If n = 0, we only have the left fern removed from the hexagon, and (8.1) follows directly from Theorem 7.1. If m = 0, reflecting the region P x,y,z,t (∅; b) across a vertical line, we get the region R t,y,z,y+x (b) weighted by wt 2 . Then (8.1) follows from the M 2 -enumeration formula of equation (7.1) .
Suppose now that y = 0. One readily checks that the portion of P x,0,z,t (∅; b) above the common axis of the ferns is balanced. Therefore, by the region-splitting lemma 6.1, the weighted tiling count of P x,0,z,t (∅; b)is equal to the product of the weighted tiling counts of the portions that are above and below the fern axis. The top part is a dented semihexagon and the lower part is a
Figure 8.2. Base cases for P -type region when z = 0. dented semihexagon reflected across its base. More precisely, the upper and lower dented semihexagons are: (1) S(a 1 , . . . , a n−1 , a n + z + b m , b m−1 , . . . , b 1 ) and S(x, a 1 , . . . , a n , z, b m , . . . , b 1 , t) if m and n are both even (see Figure 8 .1(a)), (2) S(a 1 , . . . , a n , z, b m , . . . , b 1 ) and S(x, a 1 , . . . , a n−1 , a n + z + b m , b m−1 , . . . , b 1 , t) if m and n are both odd (see Figure 8.1(b)), (3) S(a 1 , . . . , a n−1 , a n + z, b m , . . . , b 1 ) and S(x, a 1 , . . . , a n , z + b m , b m−1 . . . , b 1 , t) if m is even and n is odd (illustrated in Figure 8 .1(c)), and S(a 1 , . . . , a n , z + b m , b m−1 . . . , b 1 ) and (4) S(x, a 1 , . . . , a n−1 + z, b m , . . . , b 1 , t) if m is odd and n is even (pictured in Figure 8.1(d) ).
Note that for all parities of m and n, if we divide the weight of each right lozenge in the upper part by q x+y+ea+e b , we get the weight assignment wt 1 on it. Furthermore, if we divide the weight of each right lozenge in the lower part by q x+y+ea+e b +1 and reflect the region across its base, we get the weight assignment wt 2 on it, with q is replaced by q −1 . Then (8.1) follows from Lemma 6.6.
If z = 0, there are y unit segments between the rightmost point of the left fern and the leftmost point of the right fern (as the distance between these points is y + z in general). It is not hard to see that, in any lozenge tiling of P x,y,0,t (∅; b), each of these z unit segments must have a vertical lozenge across it (the reason is that the portion of P x,0,z,t (∅; b) that is above the fern axis has an excess of y up-pointing unit triangles compared to down-pointing triangles). After removing these z contiguous forced lozenges, and all the other lozenges they force in their turn, the remaining region disconnects into an upper and a lower part, both of which are dented semihexagons. To be precise, these dented semihexagons are: (1) S(a 1 , . . . , a n , y, b m , . . . , b 1 ) and S(x, a 1 , . . . , a n−1 , a n + y + b m , b m−1 , . . . , b 1 ) if m and n are both even (see Figure 8 .2(a)), (2) S(x, a 1 , . . . , a n−1 , a n + y + b m , b m−1 , . . . , b 1 , t) and
Figure 8.3. Base cases for Q-type regions when y = 0.
S(a 1 , . . . , a n , y, b m , . . . , b 1 ) if m and n are both odd (illustrated in Figure 8 .2(b)), (3) S(x, a 1 , . . . , a n , y+ b m , b m−1 . . . , b 1 , t) and S(a 1 , . . . , a n−1 , a n + y, b m , . . . , b 1 ) if m is even and n is odd (shown in Figure  8 .2(c)), and (4) S(x, a 1 , . . . , a n−1 + y, b m , . . . , b 1 , t) and S(a 1 , . . . , a n , y + b m , b m−1 . . . , b 1 ) if m is odd and n is even (see Figure 8 .2(d)). Similarly to the case y = 0, we obtain (8.1) from Lemma 6.6. We can verify (8.2) in a similar fashion. When n = 0, (8.2) follows directly from Theorem 7.1. To verify (8.2) for m = 0, we rotate the region Q x,y,z,t (∅; b) by 180 • to get the region R t,x+y,z,y (b). By dividing the resulting weights of all right lozenges in this region by q x+2y+t+a+1 , we obtain the weight assignment wt 1 , but with q replaced by q −1 (recall that a = a 1 + a 2 + · · · ). Then (8.1) follows from equation (7.2) .
When y = 0, we can also split up our Q-region into two semihexagons as in Figure 8 .3, using Lemma 6.1; when z = 0, we can partition our region into two semihexagons and several forced vertical lozenges in the middle as in Figure 8 For the induction step, we assume therefore that y, z, m, n ≥ 1, and that (8.1) and (8.1) hold for any P -and Q-type regions with the sum of seven parameters strictly less than x + y + t + a + b + m+ n. Before considering the recurrences for our regions by applying Kuo condensation, we have two notices below.
We can assume that all the terms a i 's and b j 's are positive, for i = 1, 2, . . . , m and j = 1, 2, . . . , n. Indeed, if an even number of initial terms in a sequence are equal to 0, say a 1 = a 2 = . . . = a 2l = 0, we can simply replace a by a ′ = (a 2l+1 , . . . , a m ) to reduce the sum of the seven parameters above. If we have a 1 = a 2 = . . . = a 2l−1 = 0, and a 2l > 0, we can remove several forced lozenges along the northwest side of the region to have a new region of the same type with the sum of the seven parameters smaller (see Figure 8 .5(a) for an P -type region, similarly for an Q-type region). Next, if 
Figure 8.6. The P -type region in the cases when (a) x = 0 and (b) t = 0. the initial term of a sequence is positive, but some middle term is equal to 0, we can remove forced lozenges and combine two neighbor holes as in Figure 8 .5(b) (for an Q-region, similarly for an P -type region), this way we again get a new region with the sum of the seven parameters strictly less than x + y + t + a + b + m + n. Therefore, without loss of generality, we can assume in the rest of this proof that all terms in a and b are positive (i.e. m = m and n = n).
We can assume further that x, t > 0. Indeed, if x = 0, we remove the forced lozenges along the southwest side of the region P 0,y,z,t (a; b), reflect the resulting region about a vertical line, and obtain the region Q t,y,z,a 1 (b; a 2 , a 2 , . . . , a n ) weighted by wt 2 (see Figure 8.6(a) ). This new Q-type region has the sum of the eight parameters 1 less than x + y + t + a + b + m + n, and the statement follows by the induction hypothesis. For the region Q 0,y,z,t (a; b), removing the forced lozenges along the southwest side and reflecting the resulting region about a horizontal line, we get a weighted version of the region P t,y,z,a 1 (a 2 , a 2 , . . . , a n ; b) (see Figure 8.7(a) ). To relate this weight to wt 1 , we divide the weight of each left lozenge by q 2y+t+a+1 , and reflecting the thus weighted region across a vertical line. We obtain this way the weight assignment wt 1 with q is replaced by q −1 . Then the theorem follows again by the induction hypothesis. We can verify (8.2) for t = 0 similarly, having now forced lozenges along the southeast side (see Figures 8.6(b) and 8.7(b) ).
We now apply Kuo's Theorem 6.4 to the dual graph G of the region P obtained from P x,y,z,t (a; b) (for x, t > 0) by adding a strip of unit triangles on top (see Figure 8 .8). 
respectively, where V x,y,z,t = V x,y,z,t (a; b) is the number of right lozenges in each tiling of the region P x,y,z,t (a; b). A straightforward calculation shows that
Plugging in the above equality to the recurrence in Kuo's Theorem 6.4 and simplifying, we obtain
Obtaining the recurrence for the numbers of tilings of P -type regions. In order to obtain an analogous recurrence for our Q-regions, apply Kuo's condensation Theorem 6.3 to the dual graph H of Q x,y,z,t (a; b) as shown in 
respectively, where W x,y,z,t = W x,y,z,t (a; b) is the number of right lozenges in each tiling of the region P x,y,z,t (a; b). It is not hard to see that this number is
Plugging in the above equalities into the recurrence in Kuo's Theorem 6.3 and simplifying, we obtain
Note that in both (8.11) and (8.19) , the region with indices x, y, z, t is the only one for which the sum of the eight parameters x + y + z + t + a + b + m + n on which we are doing the induction is maximum. Express the weighted count of this region in terms of the weighted counts of the other regions in (8.11) and (8.19) . These latter weighted counts are given, by the induction hypothesis, by formulas (8.1) and (8.2). To complete our proof, it suffices to verify that the functions Φ q and Ψ q satisfy recurrences (8.11) and (8.19) , respectively.
We show below that Φ q satisfies the recurrence (8.11) when n = 2k and m = 2l; the other cases are similar. An analogous calculation verifies that Ψ q satisfies (8.19) .
We need to verify that We can simplify the second term on the left hand side of (8.24) in the same way (by comparing now the t-parameters of the numerator and denominator in each fraction). This leads to which is readily checked.
A Schur function identity
We notice that Theorem 2.1 can be restated as following: 
Some further open problems
The formulas we found for the number of lozenge tilings of doubly-intruded hexagons allow one to approach some statistical physics questions of a kind that does not seem to have been addressed yet in the literature.
For simplicity, focus on the case when x + y = y + t = z = N , all the lobe sizes a i and b i of the ferns are equal to 1, both ferns have an even number of lobes, and their combined length m + n is equal to M . Then the region P x,y,z,t (a; b) is a regular hexagon hexagon of side-length M/2 + N , with two unit-lobed ferns of combined length M intruding from the left and right at height x above the horizontal diagonal (see Figure 2.2(a) ).
Given 0 < p < 2, in the limit as the parameters grow to infinity so that M/(M/2 + N ) → p, x/(M/2 + N ) → h and m/n → r for some 0 < h < 1 and r > 0, one may ask for what values h = h p and r = r p does the number of lozenge tilings achieve its maximum.
To get some physical intuition about this question, recall that by [9] a typical lozenge tiling of a large regular hexagon is such that the corresponding stepped surface is very close to a certain limitting surface (called the limit shape of a boxed plane partition). Due to this, outside the inscribed circle (the "arctic circle") the tiling is forced ("frozen") with probability approaching 1, and near any given point inside the arctic circle it contains lozenges of the three orientations with specific proabilities.
The new ingredient in our set-up is the presence of the two intrusions, which in the fine mesh limit become two slits "probing" the random lozenge tiling. The geometry of the slits is not compatible with the pattern in the frozen regions, and it sets great restriction inside the arctic circle. Our question asks for the ratio of the slit lengths and the height where they need to be in order to have a maximum number of tilings.
Conjecture 10.1. For any given 0 < p < 2 and any fixed 0 < h < 1, the maximum occurs when r p = 1 (i.e., when the slits have the same length).
Open Problem 10.2. Given 0 < p < 2, determine the value of h p for which the overall maximum is achieved.
These open problems can be phrased also in the case when the hexagon is not asymptotically regular, and when the lobes of the ferns have more general side-lengths. The asymptotics of our explicit formulas should give some insigths into the effect of probing random tilings of hexagons with such intrusions.
